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1. INTRODUCTION

In today’s dynamic market environment, organisations are increasingly enhancing the operational
effectiveness of their supply chain networks to sustain competitive advantage. These networks are pivotal
to efficiently delivering products and services from suppliers to end consumers, aligning with modern trade
requirements. By optimising these networks, organisations aim to meet consumer expectations, reduce
costs, and enhance profitability by adopting supply chain management principles. According to Daskin et
al. [1], supply chain management extends beyond mere logistics, encompassing critical areas such as facility
location, production, inventory management, and information exchange. Ganeshan and Harrison [2] also
emphasised the significance of these decisions, highlighting their role in shaping supply chain efficiency.
The strategic placement of facilities, such as manufacturing centres and warehouses, significantly
influences production, transportation, and inventory decisions in these networks.

Among these decisions, facility location stands out as the cornerstone of supply chain management,
representing a long-term strategic decision made during network design. Optimal facility placement not
only enhances transportation efficiency and minimises inventory levels but also optimises the production
processes throughout the network. However, traditional network design models often assume uninterrupted
facility operations and overlook vulnerabilities to disruption and failure. In response, organisations
commonly resort to reactive strategies, deploying alternative facilities located at a distance, which is both
costly and inefficient. A proactive approach to enhance supply chain reliability involves integrating
reliability considerations into facility-location decisions during the design phase. Two primary research
streams could achieve this: deploying backup facilities, which are alternative facilities assigned to serve
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demand when a primary facility fails; and fortifying critical facilities, which refers to investing protective
resources in selected facilities to reduce their probability of failure during disruption events.

This study addressed the difficulty of designing a reliable supply chain network under budget constraints
for facility fortification. Specifically, it considers a scenario in which vulnerable facilities could be located
at candidate sites to serve demand points. Owing to budget limitations, some facilities remain unfortified,
necessitating the assignment of their demand points to backup facilities. The goal is to determine the
optimal number and placement of open facilities, to decide which ones should be fortified, and to allocate
demand points effectively among fortified and unfortified facilities. To address this problem, we propose
a novel linear integer programming model that integrates facility location decisions with reliability
considerations. Unlike previous studies, which often used complex nonlinear formulations, our approach
simplifies the problem formulation while ensuring high-quality solutions using the Lagrangian relaxation
procedure. This is an optimisation technique that relaxes selected constraints and incorporates them into
the objective function using penalty multipliers to simplify large-scale integer programmes [3].
Furthermore, the relaxed problem is a variation of the binary knapsack problem, for which we develop an
efficient solution procedure to achieve optimal solutions with reasonable computation times.

The remainder of this paper is structured as follows: Section 2 provides a comprehensive review of the
literature; Section 3 introduces the necessary notation; Section 4 outlines the problem and its assumptions;
Section 5 presents our proposed model formulation; Section 6 details our solution approach; Section 7
discusses the results; and Section 8 concludes the paper with implications and avenues for future research.

2. LITERATURE REVIEW

This section discusses facility location models, with a particular focus on reliability - an essential factor in
strategically placing facilities in supply chain networks to ensure the efficient delivery of products and
services from suppliers to customers. The literature includes numerous studies that evaluate various
models, their benefits, and extensions to support decision-making.

Daskin et al. (2004) examined healthcare facility planning models, emphasising the optimisation of
healthcare centre placements to improve accessibility and service coverage [4]. In a subsequent study,
Daskin et al. (2005) highlighted the critical role of facility placement decisions in supply chain management,
exploring traditional models such as the fixed-charge facility location problem and its extensions, which
incorporate robustness and reliability [1]. While robustness addresses uncertainties in demand and costs,
reliability focuses on mitigating risks such as facility failures to ensure continuity and resilience in supply
chain operations.

Classical network design models often neglect potential disruptions, assuming uninterrupted facility
operations. As a result, organisations are frequently forced into reactive and costly deployments of
alternative facilities at distant locations, which might be ineffective in mitigating risks. A more proactive
approach involves integrating reliability considerations into the facility location decision process from the
outset. Shi et al. (2024) demonstrated that implementing resilient supply chain strategies can significantly
reduce the ripple effects of disruptions - such as capacity losses and production cost fluctuations - thereby
lowering total costs and improving operational reliability [5].

Recent research on disruption-aware facility location models focuses on two primary strategies: increasing
facility availability through redundancy and backup facilities, and fortifying critical facilities in the supply
chain network. Alazemi et al. (2025) contributed to this domain with a flexible facility location model that
allows each demand point to be assigned to a primary facility along with up to two backup facilities [6].
Their large-scale integer programming formulation accounts for simultaneous facility failures and lost sales
costs, achieving near-optimal solutions (within a 0.11% optimality gap) using Lagrangian relaxation. Their
analysis indicated that a two-backup configuration would offer an optimal balance, achieving 99.2% service
reliability without the added complexity and diminishing returns of three-backup models.

Other studies have explored similar strategies to address facility disruptions. For example, Snyder et al.
(2005) and Hamdan et al. (2024) examined customer allocation to primary and backup facilities to minimise
failure costs while ensuring system resilience [7][8]. Lim et al. (2010) and Razan et al. (2024) developed
models addressing facility reliability using mixed-integer programming and fixed-charge location
approaches to optimise distribution centre placements and reliability levels [9][10]. Scaparra et al. (2007)
and Li Qingwei et al. (2013) contributed by optimising protection resource allocation and designing reliable
distribution networks under disruption scenarios, using models such as the reliable P-median and reliable
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uncapacitated fixed-charge facility location problems [3][11]. Additional studies are Ratnayake et al.
(2020), who focused on fortifying warehouse facilities in flood-prone areas, and Monzon et al. (2020), who
optimised humanitarian logistics for disaster response efficiency [12][13].

Further, the concept of fortification strategies for improving network resilience has been widely explored.
For instance, Costa et al. (2024) proposed a framework for network resilience optimisation by introducing
the RES-OPT problem, which fortifies systems through immunisation and mitigation strategies to prevent
or minimise disruption impacts while controlling costs [14]. Similarly, Saffarinia et al. (2025) presented an
integrated model for locating backup facilities during flood disasters, leveraging the conditional value at
risk measure to reduce costs and enhance resilience [15]. Their findings underscored the value of combining
backup facilities with supportive strategies to improve supply chain reliability.

Alavi et al. (2024) extended the resilience concept by proposing a tri-level optimisation model for facility
location protection, integrating design and redesign decisions under disruption [16]. This model takes a
multi-level approach to optimise facility placement and fortification. Harnnarong and Boonperm (2024)
investigated the two-level capacitated facility location problem under disruption and fortification,
proposing an integer nonlinear programming model that enhances resilience through targeted fortification
within a fixed budget [17]. Mohammadi and Gheidar-Kheljani (2024) introduced a multi-objective stochastic
model for designing resilient supply chains by considering disruption risks, fortification budgets, and backup
suppliers [18]. Their model showed how integrating uncertainty, outsourcing, and fortification strategies
improves resilience in complex product systems. Starita and Scaparra (2022) explored strategic protection
investment to improve supply system reliability under random disruptions, applying their model to hospital
networks to inform resource distribution during crises [19]. Najafi-Ghobadi and Sherafati (2022) also
contributed with a Lagrangian relaxation algorithm for solving reliable location-inventory models, focusing
on both proactive fortification and reactive backup strategies [20].

Unlike previous studies that often use complex nonlinear formulations, our approach simplifies the problem
while maintaining solution quality through Lagrangian relaxation. In addition, the relaxed problem results
in a variation of the binary knapsack problem, for which we propose an efficient solution procedure. This
approach offers a practical and computationally efficient method for solving facility location problems with
embedded reliability considerations.

NOTATION
I set of demand points indexed by i.
] set of candidate sites indexed by j and k
fi fixed cost of locating a facility at a candidate site j.
Cij transportation cost from a facility located at a candidate site j to customer i.
Wi annual demand of customer i.
q; probability of failure associated with a facility at candidate site j.
A; fortification cost function of a facility located at a candidate site j.

fortification budget.

DECISION VARIABLES:

Y, = {1 if a facility is located at candidate site j }
/ 0 otherwise '

7. = {1 if facility located at candidate site j is fortified }
/ 0 otherwise '

X = {1 if a demand point i is assigned to a fortified facility j as primary facility}
Y 0 otherwise '

P = {1 if a demand point i is assigned to a fortified facility j as primary facility}
Y 0 otherwise '

59



XS = {1 if a demand point i is assigned to facility j as primary facility and facility k as backup facility}
Uk 710  otherwise '
3. PROBLEM STATEMENT

In this study, we consider finding the optimal locations for facilities in the supply chain network when
fortification budgets are limited. Specifically, we consider a three-echelon supply chain network consisting
of a set of candidate facility sites and a set of demand points. At each candidate site, we can locate a
facility that is vulnerable to failure to meet the demands of a set of customers. Given the limited
fortification budget, some facilities are fortified, while others remain unfortified. Customers primarily
assigned to a fortified facility do not require additional allocation to a backup facility, whereas customers
primarily assigned to an unfortified facility do require such allocation. Figure 1 illustrates the relationship
in the three-echelon supply chain system, and emphasises the structure of the problem - specifically, the
allocation of demand points to primary and secondary distribution centres.

Fortified Unfortified Unfortified
Facility Facility Facility
== Primary
/\ Assignment
. . == Backu
., ., P
‘e *e Assignment
* 0.

a a

Figure 1: Structure of the three-echelon supply chain network, illustrating the allocation of demand
points to fortified primary facilities, unfortified primary facilities, and backup facilities under a
limited fortification budget.

Facility j Facility k
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LW

-

Deman Point i
Figure 2: Partial customer demand served by unfortified facilities with backup coverage

Let m represent the number of candidate sites and n represent the number of demand points indexed by j
and i respectively. Facilities are vulnerable to failure with probability q;, and the cost of locating a facility
at candidate site j is equal to f;. Facilities can be fortified with a limited fortification budget B, and the
fortification cost for each facility follows a linear function of its failure rate as follows: 4; = a + bq;, where
a and b are constants. Only a fortified facility can meet the entire customer demand y; that it primarily
serves. In contrast, an unfortified facility primarily serves a portion of customer demand, (1 — qj)ui, with
a backup facility of any type fulfilling the remaining portion, g;u; (see Figure 2).
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4. MODEL FORMULATION

The problem of a reliable facility location with a limited fortification budget is formulated as a linear
integer, as follows:

n m n m (1)
Min ZEY +ZZ CL].“L ij ZZ 1 QJ)CL]HL ij + Z Z q CLk.uL Uk
1j=1

M§

i=1j= i= i=1j=1k=1

subject to
X, +XX5=1 vi 2)
X Xij + X TR X = 1 vi (3)
i AiZ; < B (4)
Z <Y vj (5)
Xij + Xij + Xik; <Y vi,j k 6)
Xij=2 Vi, j 7)
X5 <Y vi,j. k (8)
X < X[, Vi j k )
X5 =0 Vi, j (10)
Y, Zj, Xij, X[ X € (0,13 Vi, j, k (11)

The objective function presented in (1) minimises the overall cost by considering facility location and
transportation costs from primary and backup facilities. The term YL, f;¥; represents the cost of opening

a facility. The second term Y7, Y7, c;;u:X;; and the third term Y7L, 370, (1 — q;)cyu X[, respectively
represent the transportation cost to demand points from primarily fortlfled and unfortified facilities. The
final term 1L, Y7L, YR, q]clkulxuk represents the transportation cost for the remaining demand, which is
fulfilled by backup facilities when the demand points are only partially served by unfortified facilities.

The first set of constraints (2) assigns each demand point to a primary facility that is either fortified or
unfortified. Similarly, the second set of constraints (3) ensures that, if a demand point is already allocated
to a primarily fortified facility, it does not need to be allocated to a backup facility; otherwise, it is
allocated to one backup facility. Budget constraint (4) guarantees the fortification of facilities within the
available budget. A fortified facility must be an operating facility, as shown by the set of constraints in (5).
Constraint (6) guarantees that a fortified primary facility, an unfortified primary facility, or a backup
facility serves the demand point. The sets of constraints (7), (8), and (9) are the linkage constraints.
Constraint (10) guarantees that the same facility cannot serve a given demand point as a primary and a
backup facility simultaneously. Finally, the set of constraints in (11) is binary constraints.

5. SOLUTION PROCEDURE

The solution procedure begins by adding redundant constraints to strengthen the model and to improve the
solution. According to Chardaire et al. (1999) and Hamdan et al. (2024), such constraints tighten the gap
between the upper and lower bounds [21][8]. Therefore, we have replaced the sets of constraints (6), (8),
and (9) with the sets of constraints (12)-(14). The final model formulation is as follows:

m n m n m n m (1)
Min Zf}'yj-l'zzcu.ul ij ZZ 1 QJ)CL]HL ij +Z Zq CLk.uL Uk
= =1

== =15 i=1j=1k=1

M§

1l
[y

subject to
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TiXg+XiXi=1 Vi (2)

X Xij + X T X = 1 vi (3)
YL AZ<B (4)
Zi <Y vj (5)
Xy + X[+ X Xy <Y Vi, j (12)
X< Vi, j 7)
T X <Y Vi, j (13)

Wy X = XE Vi, j (14)
Xy =0 vi,j (10)
Y, Zj, Xij, X[, X € (0,13 Vi, j, k (11)

By replacing redundant constraints, the complexity of the model is significantly reduced in respect of the
number of constraints. For example, in the original model, with 200 demand points and 30 candidate site
locations, there are typically 552,431 constraints. However, in the revised model, this number decreases
to 30,431 constraints, representing a 94.5% reduction in the number of constraints.

The final model of the reliable facility location with a limited fortification budget is solved effectively by
developing a Lagrange relaxation algorithm. This algorithm operates by determining the lower and upper
bounds for the optimal solution, as shown in the subsections that follow.

5.1. Finding a lower bound:

Obtaining a lower bound begins by relaxing the sets of constraints in (2), (3), (13), and (14). Thus, we
obtain the following Lagrange problem:

m

n m n m n m m
Mianij+ZZCUXU-+ZZ(1 qa;)cij U+ZZqucikXiSjk (15)

j=1 i=1j=1 i=1j=1 i=1j=1k=1

n n m m
i=1 J i=1 J j

J

+

The objective function can be written as follows:
n m
Min Z“z"‘Zﬁﬁ‘Z(f] Z)’ij)yj +ZZ(Cij—ai—ﬁi)Xij (16)
1 i=1j=1

((1—a)e; — @i = pij ) X5

+

DMz 7

+

g
M
NgE

Il
_
-
Il
fay
&
Il
_

(ajcic = Bi + vij + pij) X

The model can be further simplified as follows:
n

Min Zal+ZﬁL+ZF]Y} +ZZC”XU+Z

i=1j=1 i=1j

chixfi+ CijieXiin (17)

Ms
M=
NgE
NgE

Il
_
Il
_
—.
Il
_
=
Il
_

subject to
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Y, AZ; < B (4)

7 <Y, vj (5)
Xij + X[ + X Xiy <Y Vi j.k (12)
Xij=Z Vi, j (7)
XL-S]-]- =0 Vi, j (10)
Y, Z;, X5, X5, X5, € (0,13 vi,j, k (11)

where
F=(fi —Z1viy) (18)
Cij = (cij —ai = Bi) (19)
= ((1 —q;)ci; — o = pi}') (20)
Cijie = (gjci — Bi + vij + pij) (21)

To approach the solution of the model better, we can redefine the variable as ¥; = Y]-F + Y]-U, where lg»Fand
Yj” respectively represent whether a fortified or an unfortified facility is located at site j. Here the
relaxation problem can be reformulated using the following approach:

n n
Min Zai+z,8i+f]€ (22)
i=1

i=1
where
m m
Minz ofyf + Z oy, (23)
j=1 j=1
m
R = f(¥f,vY) = >4y <p
=1
F u
Y+ <1vj
F yU
v,y €{0,1} vj

The first sub-problem for each fortified facility at candidate site j is defined as

( n n m
'MinF}'+ZCinij +chiijgcj' (24)
i=1

i=1k=1

m
Xij + inskj <1
k=1

X €{0,1} Vi,j, k

Of = f(Xij, X5y) =
Xij)

and the second sub-problem for each unfortified facility at candidate site j is defined as

n n m
[MinFj D CRE YD Cugly, (25)
i=1

i=1k=1
ol = f(X.P. X5 ={ s
j ijrijk
, XE+ ) Xiy <1
l =1
x5, X €101} Vi,j, k
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To obtain the lower-bound solution for the Lagrange problem (22), the two sub-problems (24) and (25) need
to be solved first. Each of these sub-problems is solved using the following proposition:

Proposition: if Xj;, X € {0 1} vi, j,k then the following optimisation problem:

|Mln +ZCUXU +ZZCHUXLRJ,

i=1k=
0; = f(Xij Xijpe) = {
l Xij» Xiji E {0 1} Vi, j, k

is simplified as follows:

n
MinF-+er--H--
O] Zf(HU) = J e~ uty
Hj; € {0,1} vi,j

where
Tij = mkin{Cij, Cikj}'

Proof: Given the constraint that, at most, one variable X;;, and X;j; can be selected for each customer i,
and that these decision variables are binary variables, the optimal minimum objective can be obtained by
selecting the variable with the minimum objective coefficient (i.e., m;; = mm{Cu.Clk,}) and m;; < 0.0

The solutions of the two sub-problems (24) and (25) are obtained and then used as input to the special-
case knapsack problem (23), which is eventually used to obtain the lower-bound solution for the Lagrange
problem (22). The special-case knapsack problem (23) is a 0-1 knapsack problem with additional constraints
that consider a variation of the binary knapsack problem (BKP). This sub-problem is solved using the
following theorem:

Theorem: There is an optimal solution (Z*, Y*) to problem R, in which the following properties hold:
Fx __ : F Us _ . U B}
e Y7 =0,if0] 20, ande =0, 1f0j >0Vj.
e Define o/ =0if 0/ > 0.

The optimal solution YF* is obtained by solving the following binary knapsack problem P;:

Z(OF—OU)YF
- £ = _if* s

j=1
vF e{0,1} vj

Then, the optimal solution Y]-U* is obtained by solving the following problem P,:
m

{ m
IZ OFYF" + Z ovyY,
P =f(1) =7 !
Fx % P
Yy +YT <1vj
U .
vV €{0,1} vj
Proof: To complete the proof, let us explicitly outline the steps for both cases when solving problem R.

Case 1: Unlimited budget constraint (B = o)

When the budget constraint is unlimited, the original problem R is equivalent to sub-problem P,.
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Optimal solution for Z;:
Fx __ 3 F U F :
e SetY*=1if0; <0;, and 0; <0Vj.

e Set Y =0 otherwise.

This means that Y]-F* is chosen to include the fortified facility j where O]F (the benefit for including in Y) is
less than or equal to OJ-U(the benefit for including in Y), and Of is negative, indicating its contribution to
the objective function.

Optimal solution for vV*:
Ux _ 3 U F U :
e Sety"=1if 0 <05, and 0} <0Vj.

e Set Yj”* = 0 otherwise.

This means that Yj”* is chosen to include the unfortified facility j where 0]-” (the benefit for including in Y)
is less than or equal to OjF(the benefit for including in Y), and OJ-U is negative.

Case 2: Unlimited budget constraint (B < o)

When the budget constraint is limited, the original problem R is not equivalent to P,. Therefore, in the
optimal solution (YF*, YU*) of the original problem R, the following must hold for a given j* variable:

Case 0 <0, 0/ <0,and 0/ <0f:
e Sety=0andy’ =1.

Case 0f <0, 0/ <0, and 0f <0}:
e Exactly one of ¥/ and ¥”* must equal 1.
o IfY =0, theny” =1.

To set ¥/* = 1, 0f must be less than or equal to 0. Not only must 0/ < 0/, but it should contribute more
to the objective function than other variables. This contribution was measured using the OJ-F - Oj".

Case 0f = 0 and 0/ = 0:

e Sety™ =0andYy’ =o0.

Case 0f = 0 and 0 < 0:
e Sety™=0andy’ =1.

Case 0f <0and 0/ > 0:
° Set Y}-U* =0.

Y]-F* to be decided by the knapsack problem, either 0 or 1, based on its negative contribution OJ-F to the
objective function compared with other variables. To calculate the incremental contribution Of - 0]-”, we
set 0/ to zero if 0f > 0.

In cases 2 and 5, the value of the variable is Y]-F* decided by the knapsack problem, either 0 or 1, based on
its incremental negative contribution ij - OJ-U to the objective function compared with other variables.
Then, solve the knapsack problem P; to determine Y]-F*, based on its incremental negative contribution
O]F - 0]-” to the objective function. Subsequently, the results from solving P; are used as the input to solve
problem P, to obtain the value of Y]-U* in the original problem R.o

Therefore, the optimal solution of the relaxed problem for fixed values of Lagrange multipliers can be
obtained using the following procedure:
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Step 1: Compute the values of F;, C;j,
point i and candidate site location j.

Cf]’-, and C;j,using equations (18) to (21) for each pairing of demand

Step 2: Compute the values of m;; = mkin{(:ij, Cikj} for each combination of demand point i and candidate
site location j, considering both fortified and unfortified facility options.

Step 3: Obtain the value of Of for each candidate site location j by solving sub-problem (24).
o SetHf=1ifnf<o0.

e Set Hf; = 0 otherwise.

Step 4: Obtain the value of OjU for each candidate site location j by solving sub-problem (25).

o SetHj=1ifn]<0.

e Set Hf; = 0 otherwise.
Step 5: Set 0/ =0, if 0/ = 0.

Step 6: Solve the binary knapsack problem (i.e., sub-problem P;) using a dynamic programming algorithm
[22].

Step 7: Using the results from step 4, solve sub-problem P, to obtain the solution to problem R (23).
Step 8: Obtain the lower-bound solution in equation (22).
The lower-bound procedure is solved iteratively to obtain the maximum lower bound for the optimal

solution. Therefore, the Lagrange multipliers «;, B;, p;j, and y;; are updated in each iteration using the
following equations, as illustrated by Fisher (1985) [23]:

Wi ory = Fiirer-ry T Liter |1 Z Xij (26)
Jj
Bituen = Bigguron + teer | 1= XF @7)
J
pii(iter) = pii(iter—1) + titer <Z Xisjk - XS') (28)
3

Yik (iter) = max {yik (iter—1) + titer (Z Xlik - Y}) ’ 0} (29)
k

The following sub-gradient equation is used to calculate the step size t;.;-

Titer (UBbest,upper - LBlower(iter,l))

Liter = 2 P2 s P2 s 2 (30)
(1 -2 X)) + 21 =X X5)" + + X2y (B X — X5)" + ZeZj(Ba X — %))
where the scalar 7 is initialised as 2 and then updated using the following equation [24][21]:
Tirer = 0.999 X Tjrpr_q (31)

5.2. Finding an upper bound

At each iteration of the Lagrange relaxation procedure, the lower-bound solutions,
LB (Z].LB,y].LB,XiLjB,X{'}LB,ijkLB ), are tested for feasibility. If they satisfy the constraints of the original

problem, the optimal solution is obtained. Otherwise, a feasible solution (i.e., an upper bound solution,

UB (Z}’B,yj”B,Xi‘j’»B,Xi’}-UB,ijkUB )) is constructed from the current lower bound using the following
procedure:
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pUB
i

s UB _

Step 1: Set 2/ = z/%, vVP = v!%, x[P =0, x["" =0, and X%, = 0.

Step 2: Compute X, V"%,
o IfX;¥"% =0, set v/B=1, Z{#=1, and X/{® = 1 vi. Exit.
e If X;¥”% =1, search for j*, where Y/* = 1. Set Z/=1, and X}¥ = 1 vi. Exit.

o IfX;¥"? >1, gotostep 3.

Step 3: Find the most cost-efficient assighment for each demand point i to open facilities, including the
primary assignment and backup assignment, as needed.

Step 4: Calculate the upper bound cost, UB. Exit.
6. EXPERIMENTAL RESULTS

Experiments were conducted to evaluate the performance of a reliable facility location model with limited
fortification budget. Scenarios are generated on a compact area of {[0,100],[0,100]} with uniformly
distributed data. Different problem sizes were created, including 20, 25, and 30 candidate sites (m) and
100, 150, and 200 customers (n), with annual demand uniformly distributed on the interval [50, 500]. Each
problem size was replicated three times to ensure robustness.

To evaluate the impact of the facility failure rate (g) on the model performance, various upper limits on
the facility failure rate were tested: 5%, 10%, 15%, 20%, and 25%. The failure rate for each facility was
randomly generated within the specified upper limit. The fortification budget (B) was fixed at 5,000, and
the facility fortification cost followed a linear function (K = a + b q) with parameters a = 400 and b =
5,000. The Lagrange relaxation procedure was coded in Matlab to solve the reliable facility location model
with a limited fortification budget programme.

Table 1 reports the average performance of the solution procedure for the three instances for each
combination of problem size and the upper limit of the facility failure rate. This includes the following
metrics.

e Average upper and lower bounds of the optimal solution.

e Average number of open facilities.

e Average number of fortified facilities.

o Average percentage of demand points served by primary facility only.

e Average percentage of demand points served by primary and backup facilities.
e Average gap between the upper and lower bounds.

e Average CPU times.

Similarly, Tables 2 and 3 present the average performance of the solution procedure for the upper limit of
the facility failure rate and each combination of problem sizes respectively. Overall, the Lagrange
relaxation procedure achieved an average gap between the upper and lower bounds of 0.1%, with an
average CPU time of 20.5 seconds. The maximum average gap between the upper and lower bounds was
0.13%, and the maximum average CPU time was 63.2 seconds. In addition, the algorithm demonstrated
consistent performance in respect of the average gap between the upper and lower bounds for various
upper limits of the facility failure rate and each combination of problem sizes, as illustrated in Tables 2
and 3. However, the average CPU times maintained consistent performance for different upper limits of
the facility failure rate, and generally increased as the problem size increased.
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Table 1: Average performance of the Lagrangian relaxation procedure of three instances

n m qi UB LB Open Fortified One Two Gap CPU
Facilities Facilities Facility Facilities (%) (sec.)

0.05 | 490284 | 489819 10.0 9.3 87% 13% 0.09 6.8
0.10 | 491235 | 490755 9.7 7.7 79% 21% 0.10 4.6

20 | 0.15 | 493035 | 492677 9.3 6.0 71% 29% 0.07 4.4
0.20 | 496181 | 495719 9.7 5.0 62% 38% 0.09 6.5
0.25 | 499665 | 499004 9.7 5.7 68% 32% 0.13 21.8

0.05 | 485683 | 485241 9.7 8.0 90% 10% 0.09 4.3
0.10 | 489077 | 488659 9.7 6.3 78% 22% 0.09 6.8
100 | 25 | 0.15 | 494479 | 494124 9.7 5.0 62% 38% 0.07 6.7
0.20 | 501188 | 500671 9.0 4.3 61% 39% 0.10 22.9
0.25 | 507904 | 507465 9.7 4.0 55% 45% 0.09 8.7
0.05 | 445012 | 444575 10.3 9.0 87% 13% 0.10 31.8

0.10 | 446772 | 446217 11.3 7.0 76% 24% 0.13 42.6

30 | 0.15 | 449272 | 448774 10.3 6.0 65% 35% 0.11 30.6
0.20 | 453044 | 452458 11.3 5.3 55% 45% 0.13 30.2

0.25 | 456180 | 455726 11.0 4.3 48% 52% 0.10 30.6

0.05 | 673919 | 673246 12.3 9.0 81% 19% 0.10 35.3
0.10 | 677202 | 676527 12.3 6.7 62% 38% 0.10 27.0

20 | 0.15 | 682206 | 681528 12.0 5.7 56% 44% 0.10 19.7
0.20 | 690577 | 689897 12.3 4.7 47% 53% 0.10 9.0
0.25 | 699116 | 698419 12.0 4.3 45% 55% 0.10 10.1
0.05 | 624050 | 623437 13.7 9.0 69% 31% 0.10 8.7
0.10 | 628789 | 628165 14.3 7.0 54% 46% 0.10 9.9
150 | 25 | 0.15 | 635643 | 635017 14.3 5.7 47% 53% 0.10 14.3
0.20 | 642968 | 642525 15.0 4.7 40% 60% 0.07 10.2

0.25 | 650822 | 650214 14.3 4.0 33% 67% 0.09 8.3
0.05 | 616153 | 615549 12.7 9.0 72% 28% 0.10 16.7
0.10 | 618393 | 617782 12.0 7.0 59% 41% 0.10 18.1

30 | 0.15 | 622439 | 621830 12.0 5.7 52% 48% 0.10 11.6
0.20 | 628065 | 627453 12.7 4.7 41% 59% 0.10 16.1
0.25 | 633649 | 633079 13.3 4.7 44% 56% 0.09 15.9
0.05 | 860595 | 859494 13.3 9.0 73% 28% 0.13 54.0

0.10 | 864252 | 863215 12.7 7.3 65% 35% 0.12 32.4
20 | 0.15 | 869428 | 868448 13.0 6.3 59% 41% 0.11 34.0
0.20 | 876152 | 875287 12.3 5.3 54% 47% 0.10 30.2

0.25 | 882249 | 881359 13.0 4.7 49% 51% 0.10 32.4
0.05 | 727823 | 727041 15.7 9.0 62% 38% 0.11 63.2

0.10 | 731977 | 731310 15.0 7.0 52% 48% 0.09 25.4
200 | 25 | 0.15 | 737781 | 737056 14.3 5.7 48% 52% 0.10 25.9
0.20 | 744366 | 743733 15.0 5.3 43% 57% 0.09 16.1

0.25 | 751714 | 750976 15.7 4.3 37% 63% 0.10 17.0
0.05 | 836980 | 836147 13.3 9.0 73% 27% 0.10 22.8
0.10 | 840792 | 839962 13.0 6.7 59% 41% 0.10 19.3

30 | 0.15 | 846237 | 845456 13.0 5.7 53% 47% 0.09 17.7
0.20 | 852372 | 851534 13.0 4.7 45% 55% 0.10 24.6
0.25 | 859688 | 858846 13.3 4.7 42% 58% 0.10 18.8

Table 2: Average performance of the Lagrangian relaxation procedure for different failure rates

. UB LB Open Fortified One Two Gap CPU
q Facilities Facilities Facility Facilities (%) (sec.)
0.05 | 640055 | 639394 12.3 8.9 77% 23% 0.10 271
0.10 | 643166 | 642510 12.2 7.0 65% 35% 0.10 20.7
0.15 | 647836 | 647212 12.0 5.7 57% 3% 0.09 18.3
0.20 | 653879 | 653253 12.3 4.9 50% 50% 0.10 18.4
0.25 | 660110 | 659454 12.4 4.5 47% 53% 0.10 18.2

68



Table 3: Average performance of the Lagrangian relaxation procedure for different problem sizes

n m UB LB Open Fortified One Two Gap CPU
Facilities Facilities Facility Facilities (%) (sec.)

20 494080 493595 9.7 6.7 73% 27% 0.1 8.8

100 25 495666 495232 9.5 5.5 69% 31% 0.1 9.9
30 450056 449550 10.9 6.3 66% 34% 0.1 33.2

20 684604 683923 12.2 6.1 58% 42% 0.1 20.2

150 25 636454 635871 14.3 6.1 49% 51% 0.1 10.3
30 623740 623138 12.5 6.2 53% 47% 0.1 15.7

20 870535 869560 12.9 6.5 60% 40% 0.1 36.6

200 25 738732 738023 15.1 6.3 49% 51% 0.1 29.5
30 847214 846389 13.1 6.1 54% 46% 0.1 20.6

Figures 3 and 4 visually summarise how changes in the upper limit of facility failure rates influence
fortification decisions and demand allocation patterns under budget constraints.
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==@==Fortified Facilities

=== Open Facilties

0.05

0.1

UPPER LIMIT OF FACILITY FAILURE RATE

0.15

0.2

0.25

Figure 3: Relationship between the upper limit of facility failure rate and the number of open
facilities, distinguishing between fortified and unfortified facilities under a fixed fortification budget
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Figure 4: Percentage of demand points assigned to fortified and unfortified facilities as the upper

limit of facility failure rate increases, highlighting shifts in demand allocation strategies

As shown in Figure 3, there is an inverse relationship between the average number of fortified facilities
and the upper limit of the failure rate of the facility. As the upper limit of the facility failure rate increases,
the average number of fortified facilities decreases. This trend arises because the cost of fortification of
the facility follows a linear function of the failure rate and the available fortification budget is limited. In
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contrast, the average number of open facilities does not seem to be affected by the change in the upper
limit of the facility failure rate because this change is accommodated by the options for allocating demand
points for open facilities.

7.  CONCLUSIONS AND FUTURE DIRECTIONS

A reliable facility location model with a limited fortification budget has been the primary focus of this
study, which incorporates reliability considerations into the facility location problem. The model
incorporates backup facilities and fortifies vital facilities to improve their availability in supply chain
networks. This guarantees that demand points can be served by either fortified facilities or multiple
facilities, thereby improving overall reliability. The model is formulated as a large-scale linear integer
programme.

To enhance the efficiency of the model, complexity is substantially reduced by introducing redundant
constraints, which leads to a 94.5% decrease in the number of constraints. Subsequently a novel solution
algorithm is developed by using a Lagrangian relaxation procedure. In addition, a variation of the BKP is
generated by the relaxed problem, for which an efficient optimal solution is proposed.

Testing on large-scale scenarios, such as 20, 25, and 30 candidate site locations and 100, 150, and 200
demand points, has demonstrated the effectiveness of the Lagrangian relaxation procedure. Within
reasonable computation periods, the solution algorithm consistently delivers high-quality solutions. A
notable finding is that, although changes in the upper bound of facility failure rates do not affect the
average number of open facilities, they do have a noticeable effect on the allocation of demand points
among these open facilities.

From a managerial perspective, the proposed model provides decision-makers with a structured framework
for allocating limited fortification budgets while maintaining high levels of service reliability. The results
enable supply chain managers to identify which facilities should be prioritised for fortification, where
backup assignments are most critical, and how demand should be allocated in the face of facility failure
risks. By explicitly linking fortification investment decisions to demand allocation outcomes, the model
supports informed trade-offs between cost efficiency and resilience, making it particularly relevant for
strategic supply chain design in disruption-prone environments.

To improve the model, it is possible to incorporate multiple levels of fortification rather than assuming
that facilities are either fortified or not. This involves the classification of fortification into levels such as
‘low’, ‘medium’, and ‘high’, which enables the model to determine the most suitable level of protection
for each facility on an individual basis. The model can also include a non-linear relationship that reflects
the cost-effectiveness of fortification in relation to the facility failure rate. This acknowledges that the
marginal benefit of fortification might decrease as protection levels increase because of diminishing returns
or increased costs.

The current study adopts several simplifying assumptions to maintain computational tractability, including
perfectly reliable backup facilities, a fixed fortification budget, and the use of synthetic data for numerical
testing. While these assumptions allow the fundamental trade-offs between fortification and backup
strategies to be examined clearly, future research might extend the model by incorporating correlated
facility failures, capacity constraints, dynamic or multi-period fortification budgets, and empirical case
studies based on real-world supply-chain data.

Another extension of the reliable facility location model with a limited fortification budget would be to
incorporate other supply chain decisions such as inventory management, transportation mode selection,
and production decisions. This integration would aim to maximise the overall system reliability and cost-
effectiveness of the supply chain networks. For instance, by incorporating inventory management decisions
into reliable facility location problems, the model could improve facility reliability while simultaneously
lowering inventory holding costs and stockout risks. Furthermore, the model might discover the most
efficient and reliable transportation methods, optimise delivery routes between facilities and customers to
reduce costs, and increase service levels by integrating transportation mode selection decisions. In
addition, integrating production decisions would allow the model to maximise production capacity for all
sites while considering fortification requirements. Integrating these aspects into the model would provide
decision-makers with a comprehensive framework for optimising resource allocation, improving operational
performance and enhancing overall supply chain resilience.
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