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ABSTRACT

Generalised cumulative count of conforming (GCCC) charts have been proposed for
monitoring a high-yield process that allows the items to be inspected sample by sample and
not according to the production order. Recent study has shown that the GCCC chart with a
variable sampling interval (VSI) is superior to the traditional one with a fixed sampling
interval (FSI) because of the additional flexibility of sampling interval it offers. However,
the VSI chart is still costly when used for the prevention of defective products. This paper
presents an economic model for the design problem of the VSI GCCC chart, taking into
account the correlation of the production outputs within the same sample. In the economic
design, a cost function is developed that includes the cost of sampling and inspection, the
cost of false alarms, the cost of detecting and removing the assignable cause, and the cost
when the process is out-of-control. An evolutionary search method using the cost function is
presented for finding the optimal design parameters of the VSI GCCC chart. Comparisons
between VS| and FSI charts for expected cost per unit time are also made for various
process and cost parameters.

OPSOMMING

Veralgemeende Kumulatiewe Telling van Konformasie-grafieke (VKTK) word voorgehou as
metode om 'n hoé opbrengs proses, wat toelaat dat items monster-vir-monster eerder as in
produksievolgorde geinspekteer word, te monitor. Onlangse navorsing toon dat die VKTK-
grafiek met 'n wisselende monsterneminginterval (WMI) beter is as dié met ’n vasgestelde
monsterneminginterval (VMI) vanweé die addisionele aanpasbaarheid wat dit bied ten
opsigte van die monsterneminginterval. Die VKTK-grafiek met WMI is egter duur wanneer
dit gebruik word vir die voorkoming van defektiewe produkte. Hierdie artikel bied ’n
ekonomiese model vir die ontwerpprobleem van die WMI VKTK-grafiek. Die model neem die
korrelasie van produksieuitsette met die huidige monster in ag. In die ekonomiese ontwerp
word ’n kostefunksie ontwikkel wat die koste van monsterneming en inspeksie, die koste
van vals alarms, die koste van identifisering en verwydering van toerekenbare oorsake en
die koste wanneer die proses buite beheer is, in ag neem. ’n Evolusionére soekmetode wat
van die kostefunksie gebruik maak om die optimale ontwerp parameters van die WMI VKTK-
grafiek te vind, word voorgehou. Vergelykings tussen die WMI- en VMI-grafieke vir verwagte
koste per tydseenheid word ook voorgehou vir verskillende proses- en kosteparameters.
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1. INTRODUCTION

Control charts are primary tools of statistical process control (SPC) for improving a firm’s
quality and productivity. Control charts are graphical expressions of statistical hypothesis-
testing using samples from a production process, and serve to signal the occurrence of
assignable cause every time the process parameter has shifted. If the chart statistic falls
outside a specific region of the chart, a signal indicates that the process parameter has
shifted, and an action should be taken to identify and eliminate the assignable cause. As a
control chart may produce false signals, it is important to design the parameters of control
charts optimally (including sample size, control limits, and sampling rate) so that they
minimise the cost incurred by the false signals. Duncan [1] proposed the first economic
design model for determining the parameters of control charts. Since then, the economic
design for control charts has received much attention [2,3]. The usual approach to
economic design is to develop a cost model for a particular type of manufacturing process,
and then derive the optimal parameters by minimising the long-run expected unit cost.

Attribute control charts, such as p and ¢ charts, are commonly used when items from a
production process are compared against some standards and then classified as to whether
or not they conform to the standards. However, they are not suitable for application to
automated high-yield production processes. In such a process, the quality level is usually at
parts per million (ppm), or almost zero defect, so that even for a sample size of thousands,
usually no nonconforming items are observed. For these processes, Calvin [4], Goh [5], and
Xie & Goh [6] recommend the cumulative conformance count (CCC) chart. Instead of
counting the number of nonconforming items in samples, the cumulative number of
conforming items between two nonconforming items is monitored by the CCC chart.

Xie et al. [7] developed an economic design model for a CCC chart design. Since the
economic models are quite complex, an economic design with a simplified algorithm was
developed by Xie et al. [8]. A traditional CCC chart is used when the items from a process
are inspected one at a time following the production order. Zhang et al. [9] generalised the
CCC chart for some practical situations that allow items from a process to be inspected
sample by sample, without preserving the original production order. The reason for that
can be large production volume, economy of scale, and for ease of group inspection. They
also developed an economic model for designing such a generalised CCC (GCCC) chart.

Both CCC and GCCC charts are static because they have fixed parameters. To provide
increasingly effective tools for statistically monitoring the quality of processes, some
studies introduced the concept of an adaptive sampling scheme to CCC charts. For
example, variable sampling interval (VSI) CCC charts are considered in Liu et al. [10], while
variable sampling interval and control limit (VSI/VCL) CCC charts are investigated by Chen
et al. [11]. The idea of an adaptive sampling scheme is that the closer the chart statistic is
to the control limits, the looser the control mode used, because the indication of an
assignable cause occurrence is stronger. (Refer to [12] for recent developments in adaptive
sampling schemes.) An economic design model for the VSI chart was developed by Chen &
Chen [13]. More recently, Chen [14] has proposed the VSI GCCC charts for high-yield
processes, in which the output characteristic within each sample is assumed to be
correlated. Similar to both VSI CCC charts and VSI/VCL CCC charts, VSI GCCC charts
outperform static ones from a statistical point of view due to the additional flexibility of
parameters of control chart they offer. However, the economic performance of the VSI
GCCC chart has not yet been investigated.

In this paper, we extend Chen’s work [14] to present a methodology for designing the VSI
GCCC chart with economic considerations. We first review the rationale of VSI GCCC chart
and illustrate its charting-and-decision procedure with an industrial example. Then an
economic design for the VSI GCCC chart is developed in accordance with the Markov chain
approach. The use of a Markov chain allows us easily to obtain the statistical properties of
the chart that are essential to our cost function. Genetic algorithms (GAs) are then
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employed to find the optimal design parameters by minimising the cost function. Finally,
we make numerical illustrations and comparisons, and provide some concluding remarks.

2. VSl GCCC CHARTS

2.1 Rationale of VSI GCCC charts

Consider a high-yield process in which the process fraction nonconforming is p and the
target value for the fraction nonconforming is p,. Suppose that the inspection is conducted
in samples of size n and not according to the original order of production. If any pair of
production outputs within the same sample is correlated with coefficient p, then the
probability of having d nonconforming items within a sample given by Madsen [15] will be

pA-p)+(1-p)1-p) d=0
PD=d}=1 (- p) [2] p’ -p)"* 1<d<n-1 1)

pp+(-p)p° d=n
where D is the total number of nonconforming items observed within a sample. Since the
probability of a sample of normal size containing more than one nonconforming item is very
small in a high-yield environment, it is reasonable to define a sample as nonconforming if it
contains one or more nonconforming items, and define a sample as conforming if it contains
no nonconforming items. As a result, the probability of taking a nonconforming sample is
given by
p, =P{D>0}=1-P{D =0}

" 2
=1l-p1-p-01-p)A-p)".

Let GCCC denote the cumulative count of conforming samples until the first nonconforming
sample is encountered. As each sampling is independent, the GCCC statistic can be
modelled by the geometric distribution with parameter p,, and plotted over time on the
chart with the upper control limit (UCL) and the lower control limit (LCL). Here we focus
only on a low-sided chart, since the increase in fraction nonconforming is usually of greater
concern in practice [9]. Let the acceptable rate of false alarm be denoted by « ; the LCL of
the GCCC chart can then be easily obtained by

| Mma-a |_ In(l-a) @
In-p,) | |In(e@-py)+A-p)A-p,)")

where [y] stands for the largest integer no greater than ¥ . The true false alarm rate &
obtained from the rounded control limit may not be exactly equal to «, but is extremely
close to  when p, is very small.

Traditionally, GCCC charts operate with fixed sampling interval (FSI) h, throughout the
process. The VSI GCCC chart is a modification of the GCCC chart [14].

When implementing the VSI GCCC chart, a finite number of sampling interval lengths
h,,h,,~--,h (h,>h,>-->h_ ) are used, and the region above the LCL is divided by
interval limits k,,k,,---,k,, (k,>k,>-->k,,>LCL) into m sub-regions: |, =(k,,x),

l; =(k,k,] forj=23,---,m-1, and I, =(LCL,k,,], corresponding to the above m

sampling intervals. The sampling interval for the subsequent inspection until the next
nonconforming sample is detected depends on the current GCCC value:

f(GCCC) = h,, if GCCCel, @)

In order to keep the complexity of the VSI scheme to a reasonable level, only two variable
sampling intervals are used here, and thus the VSI GCCC chart divides the chart into the
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safety, warning, and action regions according to the warning limit (WL ) and LCL. The
safety region is given by (WL,x), the warning region is denoted by (LCL, WL ], and the
action region is given by (0, LCL], where WL is also called the first interval limit (k).

2.2 Example

An industrial example modified from Chang & Gan [16] is presented below to illustrate the
charting-and-decision procedure of VSI GCCC charts.

Consider a wire bonding process in an integrated circuit assembly that provides an
electrical connection between a semiconductor die and the external leads. The machine
used for wire bonding is a highly advanced machine with a closed loop control system that
is able to detect and rectify any deviation generated during the wire bonding process. In
such a manufacturing environment, the process yield is very high, and the percentage of
nonconforming items is usually at the level of 10 ppm. For most of the time, the process
remains in-control, but occasionally the non-conformance percentage shifts from the
original level.

Table 1: 20 observations from the industrial example

Defect sequence | GCCC | S/L? | Defect sequence | GCCC | S/L?
1 7192 S 11 1192 L
2 17633 | L 12 4961 S
3 2796 L 13 1579 L
4 860 L 14 409 S
5 520 S 15 4126 | S
6 1412 S 16 2065 L
7 2126 S 17 619 S
8 625 S 18 2231 | S
9 6572 | S 19 13591 | S
10 2986 | L 20 2099 | L
Geee A GCCC obta!ned by !nspect!on W!th short samp_ling_ interval
m GCCC obtained by inspection with long sampling interval
k1=2757 | _ W
LCL=39

— 8 —u

0 2 4 6 8 10 12 14 16 18 20
Defect sequence

Figure 1: VSI GCCC chart

The GCCCchart with VSI scheme is employed to monitor the high-yield process. The
sampling inspection of products is carried out in groups instead of sequentially, due to
economy of production. With economy of scale in inspection, 50 items are sampled every
time (n =50) to monitor the GCCC values. To maintain the false alarm rate at 10 for 1,000
samples on average, the acceptable false alarm rate (« ) is set at 1 per cent. The other
design parameters are as follows:

p =05, LCL=39, k,=2757, h,=1.9(min.), h,=0.1(min.)
Table 1 lists 20 observations when the process is in-control. The results are depicted in

Figure 1, where the dotted and solid straight lines are the estimated interval limit WL and
LCL respectively. As shown in Figure 1, if the previous GCCC point falls into the safety
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region, the long interval h, (loosened control mode) will be used for the subsequent
inspection until the next nonconforming sample is found; otherwise the short interval h,

(tightened control mode) will be used. Finally, if the previous sample point falls into the
action region, then the process will be considered out-of-control.

3. ECONOMIC DESIGN MODEL

The model that describes the operation of the VSI GCCC chart is an extension of the model
presented in Chen & Chen [13] for the VSI CCC chart. It assumes that the production
process can be represented as a series of stochastically identical cycles, as follows:

1. The process starts in the in-control state with p = p,, but after a random time of in-

control operation, it will be disturbed by a single assignable cause that leads to an
increase in the fraction nonconforming of a process to p =p; .

2. Once the increase in the fraction nonconforming has occurred, the process remains
out-of-control until the assignable cause is eliminated.

3. The inter-arrival time of the assignable cause disturbing the process is assumed to
follow an exponential distribution with a mean of 1/4 hours.

4. To detect the increase in the fraction nonconforming, a sample is inspected at each
sampling time; the number of inspected samples until a nonconforming sample occurs
(i.e. the value of GCCC) is recorded and plotted on the chart in sequence.

5. Only two variable sampling intervals are used. If GCCC>LCL, the length of sampling
intervals will alternate between h, and h, according to the position of the last GCCC

point on the chart. To give additional protection against problems that arise during
start-up, the initial sampling interval is set to be the short interval h, to tighten the

control.

6. The process will be stopped if GCCC<LCL, and a search will start to find the
assignable cause and adjust the process.

7. The production cycle length is defined as the time from the beginning of the
production, or after an adjustment, to the detection and elimination of an assignable
cause (see Figure 2). It is usually assumed that the production cycle follows a renewal
reward process.

Cycle Ashift in the
: . Cycle
starts fraction nonconforming ends
|
I Last sample before I First sample after Out-of- Assignable Assignable
| a shift in fraction | a shift in fraction control cause cause
I nonconforming | nonconforming detected detected repaired
I [ I [ [ °
I |« I S
| EdbhbY
(T1) In-control period + (T2) Out-of-control period (T4) Time period for identifying and
(T3) Searching period (AATS) correcting assignable cause

due to false alarm

Figure 2: Production cycle considered in the cost model

The model of Chen & Chen [13] employs a Markov chain that describes the state at each
sampling time according to the actual status of the process (in-control or out-of-control
under some assignable cause), the control mode (loosened or tightened control), and the
inspection result (conforming or nonconforming sample). Using the above, the Markov chain
has 10 states (as listed in Table 2), where states 1-9 are transient states and state 10 is the
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absorbing state. Note that when state 5 is reached, the signal produced by the chart is a
false alarm. If the sample inspected is nonconforming and the GCCC falls into the action
region when the process status is out-of-control, then the signal is a true alarm and the
absorbing state, state 10, is reached.

Table 2: States reached at each sampling time during the production cycle

State Process Control mode/Inspection result

status
1 In-control The sample inspected with loosened control is conforming
2 In-control The sample inspected with tightened control is conforming
3 In-control The sample inspected is nonconforming, and GCCC falls into the safety zone
4 In-control The sample inspected is nonconforming, and GCCC falls into the warning zone
5 In-control The sample inspected is nonconforming, and GCCC falls into the action zone
6 Sgr;[t?;l The sample inspected with loosened control is conforming

Out-of- . s . .
7 control The sample inspected with tightened control is conforming
8 Sgr;[t?;l The sample inspected is nonconforming, and GCCC falls into the safety zone
9 8(')":;?; The sample inspected is nonconforming, and GCCC falls into the warning zone
10 Sgr;[t?;l The sample inspected is nonconforming, and GCCC falls into the action zone

The transition probability matrix corresponding to these 10 states is given by

Q (I-Q1
P:[ 0 1 ] ©)

where | is the 9x9 identity matrix and 1 isa 9x1 column vector of ones. The rows and
columns of the sub-matrix Q correspond to the in-control transition probabilities, which
are given by

P11 0 Pz Pis Pis Pue 0 Pis P
0 P22 P2z Pzs Pas 0 P27 Pag Pago

P34 0 0 0 Pss  Pse 0 0 0
0 P.. 0 0 P.s 0 P,z 0 0

Q=] 0 Ps2 Psz Psa Pss 0 Ps7 Psg Pso (6)

0 0 0 0 0 pes O Pes Pes
0 0 0 0 0 0 p; Prs Pre
0 0 0 0 0 pge O 0 0
0 0 0 0 0 0 p;, O 0

The exact expressions for the elements in matrix (6) are given in Appendix A. Note that, as
shown in Appendix A, all transition probabilities in the fifth line of (6) are equal to the
respective transition probabilities in the second line of (6) - that is, the transition
probabilities corresponding to state 5 are equal to the ones corresponding to state 2. This is
because after a false alarm, the process continues its in-control operation; and so the
probability of a transition to any of the states equals to the second line as though no alarm
had been issued.

In addition to equation (5), the last column in P corresponds to probabilities of moving

from an in-control state to the out-of-control state, which can be obtained by subtraction
since the sum of the elements in the rows of the transition probability matrix must be one.
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The economic design of VSI GCCC charts is implemented by specifying a cost function and
searching for the optimal design parameters to minimise the cost function over a
production cycle. The production cycle shown in Figure 2 can be divided into four time
intervals: an in-control period, an out-of-control period, a searching period due to a false
alarm, and the time period for identifying and correcting the assignable cause. Individual
periods are illustrated below before they are grouped together.

(T1) Expected length of in-control period is /4 .

(T2) Expected length of out-of-control period represents the average time needed for the
control chart to produce a signal after the increase in the fraction nonconforming.

This average time, the adjusted average time to signal (AATS), is the most widely-used
performance measure for assessing the statistical efficiency of VSI charts, and can be
expressed as follows:

AATS = ATC -1/2 (7
where ATC stands for the average time from when the cycle starts to the time the chart
signals after the process change. Since the inter-arrival time of the assignable cause
disturbing the process is assumed to follow an exponential distribution, the memoryless
property of the exponential distribution allows the computation of ATC using the Markov
chain approach, as follows:

ATC=r'(-Q)'t (8)
wherer’ =(r,,r,,r,,r,,1;, 1,1, ,1,,T,) represents the vector of starting probability; r'(1-Q)™
represents the mean number of transitions in each transient state before the true alarm
signals; and t=(h,,h,,h;,h,,h,,h ,h,,h h,) stands for the vector of the sampling time
intervals corresponding to the nine transient states for the next sampling.

(T3) Expected length of searching period due to false alarm.
Let t, be the average amount of time wasted searching for the assignable cause when the

process is in-control, and E(FA) be the expected number of false alarms per cycle given by

EFA)=r'(-Q)*f 9)
where f=(0,0,0,0,1,0,0,0,0)'. Then this expected length of searching period due to false
alarm is given by t,E(FA) .

(T4) The time to identify and correct the assignable cause following an action signal is a
constant t, .

By grouping these four time intervals together, the expected length of a production cycle
can be represented by

E(T) = ATC +t,E(FA) + t, (10)
In addition, the expected net profit from a production cycle is given by
E(C) = V,(Y/4) +V,(ATC — Y1) - C,E(FA) - C, — SE(N) (11)

where V, = the hourly profit earned when the process is operating in in-control state; V,=
the hourly profit earned when the process is operating in out-of-control state; C,= the
average search cost if the given signal is false; C,= the average cost to discover the
assignable cause and adjust the process to in-control state; and s= the cost for each
inspected item. E(N) in (11) is the average number of inspected items during a production
cycle that can be given by
EN)=r'(-Q)™n (12)
where n is a column vector of sample sizes. Finally, according to the renewal reward
process assumption, the expected loss per unit time E(L) is given by
E(L) =V, —E(C)/E(T) (13)
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4.  OPTIMISATION PROBLEM AND SOLUTION PROCEDURE

In this study it is assumed that the process parameters (t,,t,,1,p,,p,,p) and the cost
parameters (s,C,,C,,V,,V,) associated with the cost function E(L) are given (or previously
estimated). Then the economic design (ED) of VSI GCCC charts is to derive the design
parameters (n ,WL, LCL, h,, h,) that minimise

EQL)
subject to

nez”

h,>h, >h,

WL <LCL,

WL,LCLeZ"
where h,_ stands for the minimum time period between the samples for generating the

required sample size. This minimisation problem can be regarded as a decision problem
with mixed continuous-discrete decision variables and a discontinuous and non-convex
solution space. It may be inefficient and time-consuming to apply typical non-linear
programming techniques to a search for the optimal solution. In recent years, genetic
algorithms (GAs) that were developed from an analogy with natural selection and
population genetics in biological systems have been used or modified to solve the design
optimisation problem of quality control charts (e.g. Aparisi & Garcia-Diaz [17], He et al.
[18], and Chen [19]). As GAs have less chance of converging to local optima in a multimodal
space than do the typical techniques [17-19], we also use them to solve the optimisation
problem of control charts. The solution procedure of applying the modified GAs to problem
(14) is described as follows.

(14)

1.  Prescribe the space of solutions (n, WL, LCL , h,, h,) to the design of the VSI GCCC

chart. Solutions imposed by those constraints in (14) are regarded as a candidate
solution.

2. Randomly generate an initial population of candidate solutions, each represented as a
numerical string. The selection of population size is important for the behaviour of
procedure. Small populations will run the risk of not adequately covering the search
space, whereas very large populations will involve unnecessary consumption of
computational time.

3. Assign each candidate solution a fitness value, which is determined by (14).

4.  Select strings from the old population randomly but biased by their fitness according
to the smaller-the-better rule.

5. Recombine these strings using the crossover and mutation operators. Crossover is
made in the hope that new strings will have good parts of old strings and that they
may be better. However, it is good to leave some part of the population to survive to
the next generation. Mutation is made to prevent the search from falling into local
extremes, but deviation from the random search should not occur very often.

6. Produce a new generation of numerical strings that are fitter than the previous ones.

The termination condition is achieved when the number of generations is large enough or
when a satisfied fitness value is obtained.

5.  NUMERICAL ILLUSTRATIONS AND COMPARISONS

Table 3 lists diverse examples whose parameters (s,C,,C,,V,,V,,t,.t,,4) are modified from
Costa [20] with a different parameter at a time. The other parameters are set as follows:

p,=100ppm; p,/p,=10; p =0.5.
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The economic design for the GCCC chart with FSI and VSI schemes was carried out by
substituting the values of the aforementioned parameters into problem (14) and solving it
by a GA optimisation package (EVOLVER 4.0.2). The following settings of control
parameters for the package manipulation have been used: population size (PS)=75,
crossover probability (CP)=0.1, mutation rate (MR)=0.05, and number of generations (GN)
=20,000. The procedure to look for the above setting is given in Appendix B.

The 10 examples in Table 4 illustrate the savings obtained with the use of the VS| scheme
for the design parameters of GCCC charts. For example, the expected unit cost E(L) in the
first example reaches $146.0360 when using the FSI scheme. However, when using the VSI
scheme, E(L) =$143.6963, which achieves the percentage of saving (%) in E(L) of:

EOxs ~EOs , 10095=1.60%,
E(L)FSI
Several findings from Table 4 can be summarised:

1. It appears that the VSI control procedure requires a smaller sample size in comparison
with the FSI control procedure; and in most cases the VSI control scheme outperforms
the FSI one. There are enormous differences in cost saving.

2. When the cost for each inspected item s is large, or when the time spent on

investigating the true alarm t, increases, the expected unit cost E(L) for both control
procedures is the same. In such cases, the FSI control procedure is recommended,

since the effort required to administer the VSI control procedure may be greater than
that for the FSI one.

3. When the expected in-control time 1/ 1 is large, the expected unit cost E(L) becomes

small, but the cost saving achieved by the VSI scheme increases only slightly.
4. An extremely large difference in profit earned per unit time between the in-control
and out-of-control states (V, —V,) would cause a wider difference between the long

and short sampling intervals ( 4, =h, —h,), a larger sample size, a lower warning limit,
and a higher cost saving achieved by the VSI scheme.

Table 3: Process and cost parameters, modified from Costa (2001)

No. s ¢ ¢ v, v, ., A

1 0.5 10 30 500 300 0.1 0.3 0.05
2 1 10 30 500 300 0.1 0.3 0.05
3 0.5 20 30 500 300 0.1 0.3 0.05
4 0.5 10 60 500 300 0.1 0.3 0.05
5 0.5 10 30 1000 300 0.1 0.3 0.05
6 0.5 10 30 500 100 0.1 0.3 0.05
7 0.5 10 30 500 0 0.1 0.3 0.05
8 0.5 10 30 500 300 1 0.3 0.05
9 0.5 10 30 500 300 0.1 3 0.05
10 0.5 10 30 500 300 0.1 0.3 0.01

To explore further the effect of nonconforming rate p,, process deterioration p,/p,, and
correlation coefficient within sample p on the design parameters (DP) and economic
performance (EP) of the VSI GCCC chart, we first fix p,=100ppm, and change the shift of
fraction nonconforming from the original level p,/p, as well as the correlation coefficient
within sample p. Both DP and EP curves for different levels of shift in fraction

96



nonconforming and different correlation coefficients are shown in Figure 3, which reveals
the following:

1.  When p,/p, increase, both the sample size n and expected loss per unit time E(L)
decrease, but the warning limit WL , the lower control limit LCL, the difference
between the long and short sampling intervals 4, , and the cost saving achieved by the
VS| scheme increase.

2. The cost saving achieved by the VSI scheme increases as p,/p, increases. However, it
becomes insignificant when p is small.

Table 4: Optimal design of GCCC control charts with fixed and variable sampling
parameters ( p,=100ppm, p,/p,=10, p =0.5)

Fsl Vs

No n hy LCL AATS  E(FA) E(L) n h h, WL LCL  AATS  E(FA) E(L) %

1 99 1 2 17.344  0.00011  146.036 | 75 1.451 0549 184 2 11.03  0.00012  143.6963  1.60%
2 6 1 4 42.075 0.00011 183574 | 46 1 1 299 4 42.075 0.00011 183.574  0.00%
3 99 1 2 17.344  0.00011  146.036 | 76 1.444 0556 182 2 11.028  0.00012  143.6994  1.60%
4 99 1 2 17.344  0.00011  146.833 | 76 1.438 0.562 182 2 11.213  0.00012  144.6542  1.48%
5 99 1 2 17.344  0.00011  380.392 | 96 1.707 0.293 145 2 0.001  0.00015  176.9477  53.48%
6 99 1 2 17.344  0.00011 238.185 | 99  1.698 0.302 140 2 0.001  0.00015  169.5595  28.81%
7 99 1 2 17.344  0.00011 284.259 | 97 1.704 0.296 143 2 0.001  0.00015  169.5578  40.35%
8 99 1 2 17.344  0.00011  146.037 | 77 1.437 0563 180 2 11.026  0.00012  143.7041  1.60%
9 2 1 2 19.015  0.00011  169.647 | 49  1.478 0522 281 4 18.506  0.00013  169.5133  0.08%
0 64 1 3 0.71 0.00017 35.093 | 63 1.03 097 219 3 0.001  0.00017 34.1723  2.62%

Then we fix the shift of fraction nonconforming from the original level p,/p,=10, and
change the values of p, and p. Both DP and EP curves for different levels of fraction

nonconforming and correlation coefficient are shown in Figure 4, which reveals the
following:

1. The optimal DP of the VSI chart is sensitive to the change of p, and p when p, is
small. However, the sensitivity decreases as p, increases.

2. The cost saving achieved by the VSI scheme increases as p, increases or when p is
small.

6. CONCLUSION

An economic design model, using a Markov chain, has been developed to measure the
effectiveness of VSI GCCC charts from an economic point of view. The use of the model and
of genetic algorithms allows the optimisation of the expected unit cost associated with the
operation of VSI GCCC charts. According to the expected unit cost obtained by the newly
developed models, comparisons of the VSI GCCC chart against the traditional GCCC chart
with the FSI scheme are made. The numerical comparisons show that, unless the cost for
each inspected item is large or the time taken to investigate the true alarm is long, using
the VSI scheme in place of the FSI scheme can result in cost savings. The amount of cost
savings varies depending on the process and cost parameters. When the difference in profit
earned per unit time between the in-control and out-of-control states, the original level of
fraction nonconforming, or the shift of fraction nonconforming from the original level is
large, the amount of cost savings is more substantial.
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For most of the parameter combinations considered here, the short sampling interval used
in the VSI scheme is smaller than that used in the FSI scheme; meanwhile, the long
sampling interval used in the VSI scheme is larger than that used in the FSI scheme. In
addition, the sample size in the VSI scheme should be smaller than that in the FSI scheme.
As for the lower control limit used in the VSI scheme, it is the same as that in the FSI
scheme. However, the VSI should be larger than the FSI if the shift of fraction
nonconforming from the original level is large, particularly when there is a large correlation
coefficient within the sample.
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APPENDIX A. DERIVATION OF TRANSITION PROBABILITIES IN Q

Pi=(-py)xe ™ pyg=pp xP{GCCC>k}xe™; p,, =p; xP{LCL<GCCC<k}xe™;
Pys = p: xP{0 < GCCC < LCL} x e -

Ps =(@=py) x(L-e"™); pyy = p, xP{GCCC'> k;}x (1-e™™) ;

P.o = Pi xP{LCL < GCCC'< k }x (1-e™™) ;

P, =(@=pR)xe ™ p,s =py xP{GCCC >k} xe ™

P,. = P xP{LCL < GCCC <k} xe ™™ ; p,, = p xP{0 < GCCC < LCL} x e ;

Py == p) x(@L-e7™); p,g =P, xP{GCCC'> k } x (1-e7™);

P, = Ph xP{LCL < GCCC'< k;}x (1-e ™) ;

Py =(- po)xe ™, Pss = pe xe M ; Pse =(1- pHyx(1-e™);

P4, = 1- p:) xe

—ih,

D Pas =Py xe ™ p =(1-p)x(1-e);

Ps. =Pz, Pss; =Py Psa = P24 Pss = Pos s Ps; =Pz Pss = Poss Psg = Pag s
Pes =1- pL; Pes = p: x P{GCCC'> WL} ; Pos = p: xP{LCL < GCCC'< WL} ;

P77 =Pess Prs = Psgs Pro = Pssi Pgs = 1- pi 7 Po7 = Pge >
where p° and p! denote the probability that a sample is nonconforming when the process

is in-control and out-of-control, respectively; GCCC represents a statistic that has a
geometric distribution with parameter p:.
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APPENDIX B. OPTIMAL OPERATIVE CONDITION IN GAS

The quality of the solution generated by the GAs usually depends on the setting of their
control parameters: population size (PS), crossover probability (CP), mutation rate (MR),
and number of generations (GN). To find the optimal setting for these parameters, an
orthogonal array experiment was developed. In the orthogonal array experiment, three
levels of each parameter were planned, as shown in Table I.

Table I: Parameters and levels in Gas

Level Level Level

Parameters 1 5 3
PS 50 75 100
CP 0.1 0.3 0.5
MR 0.05 0.1 0.25
GN 10,000 15,000 20,000

The L9 orthogonal array was employed to assign the four control parameters. In the
experiment using the L9 orthogonal array, there are nine assays in total (different

combinations of the four parameters). For each assay, three replicates of optimal E(L)
values from the GAs, denoted by y,, y,, and y,, were recorded in Table Il. Because the

characteristic of the objective value is smaller-the-better, the appropriate signal-to-noise
ratio (SN) for evaluating the experiment results (Taguchi, 1987) is

SN =—10-log (%ny) , @)

where R is the total number of replicates per assay. The values of SN ratio for each assay
are also listed in Table Il. Note that the SN ratio is a larger-the-better index. Accordingly,
the sum of SN ratio for each parameter at different levels can be obtained as shown in
Table Ill. According to the information in Table Ill, the optimal combination of the four
parameters in the GA are selected by PS=75, CP=0.1, MR=0.05, and GN=20,000.

Table II: Experiment layout of L9 orthogonal array and results

Assay PS CP MR GN vy, v, v, SN

143.8058 200.1283 164.2772 -44.6596966
200.1281 200.1281 143.7594 -45.26206892
143.6393 184.9328 184.9328 -44.72427458
143.7579 143.7162 184.9328 -44.00945445
169.0114 143.6994 184.9328 -44.44120356
164.2737 143.7768 143.8049 -43.57537616
143.6393 200.1281 143.6393 -44.33053436
143.7594 164.274 164.2737 -43.95842001

© 0 N O U A W N P
W W W N NN R R R
W N R WN R W N R
N P W R W N W N P
B W NN R W W N

164.2737 169.0114 200.1281 -45.03345533

Table Ill: Sum of SN ratios for each parameter at different levels in GAs

PS CP MR GN
Level 1 -44.882 -44.3332 -44.0645 -44.7115
Level 2 -44.00868 -44.5539 -44.7683 -44.38933
Level 3 -44.4408 -44.4444 -44.4987 -44.2307

101



	1. INTRODUCTION
	2. VSI GCCC CHARTS
	2.1 Rationale of VSI GCCC charts
	2.2 Example

	3. ECONOMIC DESIGN MODEL
	4. OPTIMISATION PROBLEM AND SOLUTION PROCEDURE
	5. NUMERICAL ILLUSTRATIONS AND COMPARISONS
	6. CONCLUSION
	REFERENCES
	APPENDIX A. DERIVATION OF TRANSITION PROBABILITIES IN Q
	APPENDIX B. OPTIMAL OPERATIVE CONDITION IN GAs

