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ABSTRACT 

There are several methods for solving fuzzy critical path problems in which ranking 
approaches are used to compare fuzzy numbers. In this paper, some fuzzy critical path 
problems are chosen to show that the results obtained with fuzzy critical path methods that 
use existing ranking approaches are not appropriate according to real life situations. To 
obtain appropriate results, a new ranking approach the Mehar ranking approach, is 
proposed for comparing LR flat fuzzy numbers. To show the advantages of the Mehar 
ranking approach over existing approaches, selected fuzzy critical path problems are solved 
by using the existing methods together with the Mehar ranking approach. It is shown that 
the obtained results are appropriate.  

OPSOMMING 

Daar bestaan verskeie metodes om wasige kritieke padprobleme op te los wat rangordening 
toepassings gebruik om wasige getalle te vergelyk. In dié artikel word ’n paar wasige 
kritieke padprobleme gekies om te bewys dat die resulte verkry met die wasige kritieke 
padmetode, wat bestaande rangordening benaderings gebruik, nie voldoende is volgens 
lewenswerklike voorbeelde nie. Om gepaste resultate te kry word ’n nuwe rangordening 
benadering, die ‘Mehar rangordening benadering’, voorgestel om LR plat, wasige getalle te 
vergelyk. Om die voordele van die Mehar benadering te wys word geselekteerde probleme 
opgelos met beide bestaande metodes en die Mehar rangordening benadering. Die resultate 
bewys dat die verkreë resultate gepas is. 
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1. INTRODUCTION 

The theory of fuzzy sets was first introduced by Zadeh [24]. Since then, the theory of fuzzy 
sets has been applied in many fields such as pattern recognition, control theory, 
management sciences, and picture processing. In the field of fuzzy mathematics, many 
mathematical theories – such as fuzzy optimisation, fuzzy topology, fuzzy logic, fuzzy 
analysis, and fuzzy algebra – are obtained. In many applications of fuzzy set theory to 
decision-making, there is a need to select the best from a collection of possible solutions.  
 
In the selection process there is a need to compare fuzzy numbers. Since fuzzy numbers are 
represented by possibility distributions, they can overlap with one another, making it 
difficult to determine clearly whether one fuzzy number is larger or smaller than another. 
 
Many authors have proposed ranking approaches to the comparison of fuzzy numbers [11, 
21, 17, 15, 7, 23, 8, 1, 3, 25, 2, 9]. Until now, there has not been a single unifying ranking 
approach to the comparison of fuzzy numbers. 
 
Several authors [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] have proposed fuzzy critical path 
methods that are based on different ranking approaches for solving fuzzy critical path 
problems. In this paper, certain fuzzy critical path problems are chosen to show that the 
results obtained by using the existing fuzzy critical path methods with existing ranking 
approaches are not appropriate according to real life situations. To obtain appropriate 
results for fuzzy critical path problems, a new ranking approach named ‘Mehar's’ is 
proposed for comparing LR flat fuzzy numbers. To show the advantages of Mehar's ranking 
over existing approaches, the chosen fuzzy critical path problems are solved by using the 
existing fuzzy critical path methods along with Mehar's ranking approach. It is shown that 
the results are appropriate.  
 
This paper is organised as follows. In Section 2, some existing ranking approaches for 
comparing fuzzy numbers are presented. The shortcomings of these approaches are 
discussed in Section 3. In Section 4, a new approach, Mehar's ranking approach, is proposed 
for comparing LR flat fuzzy numbers. Some important results, which are used for proposing 
the new ranking approach to the comparison of LR flat fuzzy numbers, are proved in 
Section 5. The advantages of Mehar's ranking approach over existing approaches are 
discussed in Section 6. In Section 7, conclusions and future work are presented. 

2. COMPARISON OF FUZZY NUMBERS 

An efficient approach for comparing fuzzy numbers is to use a ranking function 
RRF →ℜ )(: , where )(RF  is a set of fuzzy numbers defined on a set of real numbers, 

which maps each fuzzy number on to the real line where a natural order exists. 
 
Let A

~
 and B~  be two fuzzy numbers; then 

(a) If )~(>)
~

( BA ℜℜ  then A
~

   B~  i.e., 

        maximum ABA
~

=}~,
~

{  and  minimum BBA ~=}~,
~

{  

(b) If )~(<)
~

( BA ℜℜ  then A
~

   B~  i.e., 

       maximum BBA ~=}~,
~

{ and minimum ABA
~

=}~,
~

{  

(c) If )~(=)
~

( BA ℜℜ  then A
~

 =  B~  

2.1 Some existing ranking formulae for comparing fuzzy numbers 

Ranking formulae used in some existing ranking approaches [21, 17, 15, 7, 23, 8, 3, 25, 2]  
for comparing LR  fuzzy numbers and LR  flat fuzzy numbers are shown in Table 1.  
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Table 1: Ranking formulae used in some existing ranking approaches 

Ranking 
approaches  

Ranking formulae for an LR  

fuzzy number A
~

 = LRm ),,( βα  

Ranking formulae for an LR  flat  
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 = LRnm ),,,( βα  

Yager [21] 

)
~

(Aℜ = 

dxmxRdxxmL

dxmxxRdxxmxL

m

m

m

m

m

m

m

m

)()(

)()(

βα

βα
β

α

β

α

−
+

−

−
+

−

∫∫

∫∫
+

−

+

−
  

 )
~

(Aℜ =  

dxnxRdxdxxmL

dxnxxRxdxdxxmxL

n

n

n

m

m

m

n

n

n

m

m

m

)()(

)()(

βα

βα
β

α

β

α

−
++

−

−
++

−

∫∫∫

∫∫∫
+

−

+

−
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et al. [17] 
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Liou & 
Wang [15] 
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Yao & Wu 
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Chu & 
Tsao [8] 
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2.2 Farhadinia ranking approach 

In this section, the existing ranking approach [9] for comparing LR  flat fuzzy numbers is 
presented.  
 

Let A
~

 = LRnm ),,,( 1111 βα  and B~  = LRnm ),,,( 2222 βα  be two LR  flat fuzzy numbers;’ then 

use the following steps to compare A
~

 and B~ : 
 
Step 1 Find )

~
(AC =inf ∈x{ Supp :)

~
(A  1}  )(~ =xAµ = 1m  and )~(BC  = inf ∈x{  Supp :)~(B    

          1}=)(~ xBµ  = 2m  

Case (i)    If )~(>)
~

( BCAC  then A
~

   B~         

Case (ii)   If )~(<)
~

( BCAC  then A
~

   B~   
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Case (iii)  If )~(=)
~

( BCAC  then go to Step 2. 

Step 2 Find )
~

(AL  = inf Supp )
~

(A  = 11 α−m  and )~(BL  = inf Supp )~(B  = 22 α−m  

Case (i)    If >)
~

(AL  )~(BL  then A
~

   B~         

Case (ii)   If <)
~

(AL  )~(BL  then A
~

   B~   

Case (iii)  If )
~

(AL  = )~(BL  then go to Step 3. 

Step 3 Find )
~

(AW  = | Supp |)
~

(A  = ++−   111 αmn 1β  and  )~(BW  = | Supp |)~(B  =        

          2222 βα ++−mn  

Case (i)    If >)
~

(AW  )~(BW  then A
~

   B~       

Case (ii)   If <)
~

(AW  )~(BW  then A
~

   B~  

Case (iii)  If =)
~

(AW  )~(BW  then go to Step 4. 

Step 4 Find )
~
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0
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0
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0
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0

1
2  )(   λλβλ dRd  

Case (i)    If >)
~
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~

   B~         

Case (ii)   If <)
~

(AS  )~(BS  then A
~

   B~   

Case (iii)  If =)
~

(AS  )~(BS  then A
~

 = B~  
 

Remark 1: For an LR  flat fuzzy number LRnmA ),,,(=
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3. SHORTCOMINGS OF EXISTING RANKING APPROACHES 

There are several fuzzy critical path methods for solving fuzzy critical path problems in 
which ranking approaches are used to compare fuzzy numbers. In this section, it is shown 
that the results of the fuzzy critical path problem chosen in Example 3.1, and obtained by 
using the different existing fuzzy critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 
19] with different existing ranking approaches [21, 17, 15, 7, 23, 8, 3, 25, 2], are not 
appropriate according to real life situations. 
 
Example 3.1 Find the fuzzy critical path and maximum total fuzzy completion time of the 
project shown in Figure 1, in which the fuzzy time duration of activity ),( ji  is represented 

by LR  fuzzy numbers ijt~  with )(xL  = )(xR  = max }{0,1 x−  as follows:  

12
~t  = LR)(1,0.5,0.5 , 23

~t  = LR(1,1,1) , 24
~t  = LR)(2,0.5,0.5 , 34

~t  = LR)(1,0.5,0.5  
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Project network of the illustrated Example 3.1 
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3.1 Results of the problem chosen in Example 3.1 

The results of the fuzzy critical path problem chosen in Example 3.1, and obtained by using 
different existing fuzzy critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] with 
different existing ranking approaches [21, 17, 15, 7, 23, 8, 3, 25, 2, 9] are shown in Table 
2. 

Table 2: Results of Example 3.1 obtained by using existing fuzzy critical path methods 
with existing ranking approaches 

Existing  ranking 
approaches  

Results of fuzzy critical path problem obtained by using different existing 
fuzzy critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] 

Example 3.1 

Fuzzy critical path Maximum total fuzzy project completion time ( T~ ) 

Yager [21]  
1 ⇒  2 ⇒  3 ⇒  4  
   1 ⇒  2 ⇒  4  LR(3,2,2) , )~(Tℜ  = 3  

LR(3,1,1) , )~(Tℜ  = 3  

Murkami et al.[17] 
1 ⇒  2 ⇒  3 ⇒  4  

1 ⇒  2 ⇒  4  
 LR(3,2,2) , 3=~Tx , 0.5=~Ty   

 LR(3,1,1) , 3=~Tx , 0.5=~Ty   

Liou & Wang [15] 
 

 1 ⇒  2 ⇒  3 ⇒  4  
 1 ⇒  2 ⇒ 4  

 LR(3,2,2) , )~(Tℜ  = 3  

 LR(31,1) , )~(Tℜ  = 3 

Cheng [7]  
 1 ⇒  2 ⇒  3 ⇒  4  

 1 ⇒  2 ⇒  4  
 LR(3,2,2) , )~(Tℜ  = 3.041 

 LR(3,1,1) , )~(Tℜ  = 3.041  

Yao & Wu [23] 
1 ⇒  2 ⇒  3 ⇒  4  

 1 ⇒  2 ⇒  4  LR(3,2,2) , )~(Tℜ  = 3  

 LR(3,1,1) , )~(Tℜ  = 3  

Chu & Tsao [8]  
1 ⇒  2 ⇒  3 ⇒  4  

 1 ⇒  2 ⇒  4  
 LR(3,2,2) , )~(Tℜ  = 1.5  

 LR(3,1,1) , )~(Tℜ  = 1.5  

Asady & 
Zendehnam [3] 

 1 ⇒  2 ⇒  3 ⇒  4  
 1 ⇒  2  ⇒ 4  

 LR(3,2,2) , )~(Tℜ  = 3  

 LR(3,1,1) , )~(Tℜ  = 3  

Zhao & Liu [25] 
 1 ⇒  2 ⇒  3 ⇒  4  

 1 ⇒  2 ⇒  4  
 LR(3,2,2) , )~(Tℜ  = 2.167  

 LR(3,1,1) , )~(Tℜ  = 2.167  

Abbasbandy & 
Hajjari [2] 

 1 ⇒  2 ⇒  3 ⇒  4  
 1 ⇒  2 ⇒  4  LR(3,1,1) , )~(Tℜ  = 6  

 LR(3,1,1) , )~(Tℜ  = 6 

Farhadinia [9]  1 ⇒  2 ⇒  4   LR(3,1,1) , )~(TL  = 2  

 
It is obvious from the results shown in Table 2 that, on solving the fuzzy critical path 
problem chosen in Example 3.1 by applying the different existing fuzzy critical path 
methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] with existing ranking approaches [21, 17, 
15, 7, 23, 8, 3, 25, 2], more than one fuzzy critical path is obtained, and the maximum 
total fuzzy project completion time corresponding to different fuzzy critical paths is 
different – so their physical interpretation will also be different. But in the literature [20] it 
is pointed out that if, on solving a project network problem there is more than one critical 
path, then the maximum total completion time of the project should be the same, 
corresponding to all the critical paths. So the results obtained by using existing fuzzy 
critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] with existing ranking 
approaches [21, 17, 15, 7, 23, 8, 3, 25, 2], shown in Table 2, are not appropriate according 
to real life situations. 
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Since the results of the fuzzy critical path problem chosen in Example 3.1 and obtained by 
using the existing fuzzy critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] with 
an existing ranking approach [9] are appropriate according to real life situations, therefore, 
to show the shortcomings of the existing ranking approach [9], a fuzzy critical path problem 
(Example 3.2) is solved by using existing fuzzy critical path methods [18, 22, 4, 13, 14, 16, 
12, 10, 5, 6, 19] with the existing ranking approach [9]. 
 
Example 3.2 Find the fuzzy critical path and maximum total fuzzy completion time of the 
project shown in Figure 2, in which the fuzzy time duration of activity ),( ji  is represented 

by LR  flat fuzzy numbers ijt~  with )(xL  = max }{0,1 2x−  and )(xR  = ||xe−  as follows:  

12
~t  = LR8).0 ,0.6 3,.2 (2, , 23

~t  = LR2).1 ,1 6, (5, , 34
~t  = LR1).1 ,1 8,.7 (7, , 35

~t  = ,)2.7 ,0.7 .5,4 (4, LR  
= ~

46t ,,1.8)(2,4.2,0.7 LR  = ~
56t ,.2)(5,5.5,1,2 LR = ~

47t ,,1.3)(5,9.6,1.1 LR = ~
67t ,,1.5)(3,3.4,0.4 LR  

= ~
78t LR,0.6)(6,6.3,0.3  

 
Find the fuzzy critical path and maximum total fuzzy completion time of the project. 
 
 
 
  
 
 
 
 
 
 
 
 
 

3.2 Results of the problem chosen in Example 3.2 

The results of the fuzzy critical path problem chosen in Example 3.2, and obtained by using 
different existing fuzzy critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] with 
the existing ranking approach [9] are shown in Table 4. 
 

Table 4: Results of Example 3.2 obtained by using existing fuzzy critical path methods 
with Farhadinia ranking approach 

Example 

Results of fuzzy critical path problems obtained by using different existing fuzzy critical 
methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] with the Farhadinia ranking approach [9] 

Fuzzy critical path 
Maximum total fuzzy project completion  

time ( T~ ) 

3.2 

1 ⇒  2 ⇒  3 ⇒  4 ⇒  6 ⇒  7 ⇒  8  
1 ⇒  2 ⇒  3 ⇒  5 ⇒  6 ⇒  7 ⇒  8  
1 ⇒  2 ⇒  3 ⇒  4 ⇒  7 ⇒  8 

LR)(25,30,4,7 , )~(TS  = 14.667

LR)(25,28,4,9 , )~(TS  = 14.667

LR)(25,32,4,5 , )~(TS  = 14.667    

 
It is obvious from the results shown in Table 4 that, on solving the fuzzy critical path 
problem chosen in Example 3.2 by using the existing fuzzy critical path methods with the 
existing ranking approach [9], three different LR  flat fuzzy numbers – LR)(25,28,4,9 , 

LR)(25,30,4,7  and LR)(25,32,4,5 , representing the maximum total fuzzy completion time of 
the same project – are obtained; and this is not appropriate according to real life 
situations.  
 

 

Figure 2: Project network of the illustrated Example 3.2 
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Remark 2: In Section 3, the shortcomings of some important ranking approaches are 
pointed out. The same shortcomings can also be found in other existing ranking approaches 
that are not discussed in this paper. 

4. PROPOSED MEHAR RANKING APPROACH 

On the basis of the results discussed in Section 3, it can be concluded that none of the 
existing ranking approaches [21, 17, 15, 7, 23, 8, 3, 25, 2, 9] with existing fuzzy critical 
path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] can be used to find the appropriate 
results of such fuzzy critical path problems in which the fuzzy activity time of all the 
activities is represented by LR  flat fuzzy numbers. 
 
To overcome the shortcomings of existing ranking approaches [21, 17, 15, 7, 23, 8, 3, 25, 2, 
9], a new ranking approach – the Mehar ranking approach – is proposed for comparing LR  
flat fuzzy numbers. Since the triangular fuzzy numbers, trapezoidal fuzzy numbers, and LR  
fuzzy numbers are particular cases of LR  flat fuzzy numbers, the Mehar ranking approach 
can also be used for comparing these fuzzy numbers.  
 

Let A
~

 = LRnm ),,,( 1111 βα  and B~  = LRnm ),,,( 2222 βα  be two LR  flat fuzzy numbers; then 

use the following steps to compare A
~

 and B~ : 
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1
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5. SOME IMPORTANT RESULTS 

In this section, some important results that are used to propose the Mehar ranking approach 
for comparing LR  flat fuzzy numbers are proved. 
 

Proposition 5.1 Let LRnmA ),,,(=
~

1111 βα  and LRnmB ),,,(=~
2222 βα  be two LR  flat fuzzy 

numbers, such that (i) )
~
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~
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)
~

(AR  = )~(BR  (or )
~

(AS  =  )~(BS ); then  

   A
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 = B~ . 
Proof: Straightforward  
 

Proposition 5.2 Let A
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Similarly (b) and (c) can be easily proved. 
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6. ADVANTAGES OF THE MEHAR RANKING APPROACH OVER THE EXISTING RANKING 
APPROACHES 

The main advantage of the Mehar ranking approach over the existing ranking approaches 
[21, 17, 15, 7, 23, 8, 3, 25, 2, 9] is that, on solving the fuzzy critical path problem by using 
the different existing fuzzy critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] 
with existing ranking approaches [21, 17, 15, 7, 23, 8, 3, 25, 2, 9], more than one fuzzy 
number, representing the maximum total fuzzy project completion time, is obtained. As a 
result, there will be different interpretations for the maximum total fuzzy project 
completion time of the same project – which is not appropriate according to real life 
situations. However, by using the different existing fuzzy critical path methods with the 
Mehar ranking approach, a unique fuzzy number, representing the maximum total fuzzy 
project completion time, is obtained. Thus there will be a unique interpretation of the 
maximum total fuzzy completion time of the project. 
 
To show the advantages of the Mehar ranking approach over existing ranking approaches 
[21, 17, 15, 7, 23, 8, 3, 25, 2, 9], the fuzzy critical path problems chosen in Examples 3.1 
and 3.2 – for which more than one fuzzy number, representing the maximum total fuzzy 
project completion time is obtained – are solved by using existing fuzzy critical path 
methods with the Mehar ranking approach; and it is shown that by using existing fuzzy 
critical path methods with the Mehar ranking approach, a unique fuzzy number, 
representing the maximum total fuzzy project completion time, is obtained. 
 
The results of the fuzzy critical path problems chosen in Examples 3.1 and 3.2, which were 
obtained by using different existing fuzzy critical path methods with the Mehar ranking 
approach, are shown in Table 5. 

Table 5: Results of Example 3.1 and Example 3.2 obtained by using existing fuzzy 
critical path methods with the Mehar ranking approach 

 
It is obvious from the results shown in Table 2 that, if the fuzzy critical path problem in 
Example 3.1 is solved by using the existing fuzzy critical path methods [18, 22, 4, 13, 14, 
16, 12, 10, 5, 6, 19] with the existing ranking approach [9], then a unique fuzzy number, 
representing the maximum total fuzzy project completion time, is obtained. But it is also 
obvious from the results in Table 4 that, if the fuzzy critical path problem in Example 3.2 is 
solved by using the existing fuzzy critical path methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 
19] with the existing ranking approach [9], then more than one fuzzy number, representing 
the maximum total fuzzy project completion time, is obtained; and this is not appropriate 
according to real life situations. It is also obvious from the results in Table 5 that on solving 
both fuzzy critical path problems in Examples 3.1 and 3.2 by using the existing fuzzy critical 
path methods with the Mehar ranking approach, a unique fuzzy number representing the 
maximum total fuzzy project completion time is obtained, which is appropriate according 
to real life situations. 
 
On the basis of these results, it can be suggested that it is better to use the existing fuzzy 
critical path methods with the Mehar ranking approach, rather than the existing fuzzy 
critical path methods with the existing ranking approaches [21, 17, 15, 7, 23, 8, 3, 25, 2, 9] 
to solvie the fuzzy critical path problems. 
A 
A 
a 

Example 
Results of fuzzy critical path problems obtained by using different existing fuzzy critical 

methods [18, 22, 4, 13, 14, 16, 12, 10, 5, 6, 19] with the Mehar ranking approach 
Fuzzy critical path Maximum total fuzzy project completion time ( T~ ) 

3.1          1 ⇒  2 ⇒  3 ⇒ 4  LR)2 2, (3, , )~(TA  = 2 

3.2   1 ⇒  2 ⇒  3 ⇒ 4 ⇒  7 ⇒ 8 LR)5 4, 2,3 (25, , )~(TH = 28.5
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7. CONCLUSION AND FUTURE WORK 

Some fuzzy critical path problems have been chosen to show that it is not better to use the 
existing fuzzy critical path methods with existing ranking approaches to solve the fuzzy 
critical path problems. Instead, a new ranking approach, the Mehar ranking approach, is 
proposed for comparing LR flat fuzzy numbers. To show the advantage of the Mehar ranking 
approach over existing ranking approaches, identical fuzzy critical path problems are solved 
by using the existing fuzzy critical path methods with existing ranking approaches on the 
one hand, and by using the existing fuzzy critical path methods with the Mehar ranking 
approach on the other hand. It is shown that the results from the latter combination are 
better than those obtained from the former. 
 
In future, the appropriate results of such real life problems, in which the existing ranking 
approaches are used to compare fuzzy numbers, can be obtained by using the proposed 
Mehar ranking approach. 
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